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Surface Length Scale Contributions to the Directional and
Hemispherical Emissivity and Reflectivity
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Rigorous electromagnetic scattering solutions, based on the extinction theorem, are used to investigate the
surface geometry contributions to the directional and hemispherical emissivity and to the directional hemi-
spherical reflectivity for one-dimensional configured or random rough surfaces with different material properties.
The surface parameters that affect the scattered energy are the surface geometrical shape, including the ratio
of transverse length scale over wavelength r/A and height over wavelength a-/A, and the optical properties of
the surface material. Through numerical calculations, the dominant contribution to these surface radiative
properties is shown to be the slope of the surface, expressed by CT/T. For a surface consisting of multiple-length
scales with different slopes, the subscale with a larger slope is shown to dominate the surface radiative properties
of the surface.

Nomenclature
E = electric field intensity
F = electric field intensity derivative
/ = real implicit function
G = Green's function
H = magnetic field intensity
K, k — wave vector
L = magnetic field intensity derivative
Lx = surface length
n = refractive index
r = scattering reflection function
jt, z, x', z' = surface coordinates
e = permittivity
£ = surface interface
0 = angle
K = absorption index
A = wavelength of incident energy
p",'p' = bidirectional reflection function, directional

hemispherical reflectivity
or = surface height
T = surface transverse length
T", T' = bidirectional transmission function,

directional hemispherical transmission
11 = solid angle

Subscripts
s = scattered
TE = transverse electric polarization
TM = transverse magnetic polarization
t = transmitted
jc, y = coordinates
e = medium
A = spectral
0 = incident, free space

Superscripts
' = directional, derivative
" = bidirectional
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Introduction

D IRECTIONAL emissivity from a material surface is an
important radiative quantity in many thermal engineer-

ing problems. Besides the spectrally selective surfaces,1"4 the
construction of directional selective surfaces is also desired in
many radiative heat transfer applications. The material prop-
erties are the major contributors to spectral selectivity, whereas
the geometrical length scales of a surface play an important
role in determining the directional selectivity of the surface.
The specific surface geometry, described by the transverse
length scale over wavelength r/A, height over wavelength
a/A, and specific surface geometrical shape, determines the
angular distribution of scattered energy.5"7 Material proper-
ties of the surface, expressed in terms of the optical constants
n and /e, affect the magnitude of the scattered energy distri-
bution. For a surface composed of multiple-length scale sub-
structures (see Fig. 1), a single set of surface parameters is
not adequate for a complete geometrical description and mul-
tiple-length scales are needed. Accurate quantification of the
contributions of the substructures to the distribution of scat-
tered energy from the single and multiple-length scale surfaces
is important in the understanding of the scattering phenom-
enon from such surfaces.8

Recent works have extended the study for surface structure
that is large relative to the wavelength to the surface structure
that is of the order of the wavelength.5"8 These studies of
configured surfaces and perfectly conducting random rough
surfaces show the important effects of surface length scales,
as well as the contributions of surface material properties, on
the distribution of scattered energy from the surface. Ref-
erences 5 and 6 present averaged results over incident angles,
where the bidirectional reflection function for a positive in-
cident angle is averaged with the negative incident angle of
the same amplitude. The incident angle is from -90 to +90
deg as defined in Fig. la, where an incident angle is considered
positive when counting from z axis counterclockwise and neg-
ative when clockwise. Only symmetric V-groove surfaces are
studied in the work of Ref. 7. For multiple-length scale sur-
faces, only perfectly conducting random rough surfaces are
considered in Ref. 8.

This work presents and generalizes the surface geometrical
contributions to directional and hemispherical emissivities and
reflectivities. Based on the extinction theorem,9 the rigorous
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Fig. 1 a) Triangular and b) random multiple-length scale surface profile parameters.

electromagnetic scattering solutions are obtained for different
material properties with both configured and random profiles.
The following section briefly outlines the theoretical formu-
lation for rigorous electromagnetic scattering solutions. The
contributions of the surface geometrical length scales to the
directional and hemispherical emissivities and reflectivities
are then presented, where surfaces with a single-length scale
are studied, followed by the discussion of surfaces with mul-
tiple-length scales.

Formulation
A brief development of the electromagnetic theory is given

below, with more detailed formulation presented in Refs. 5,
6, and 10. The basic quantities in thermal radiation calcula-
tions are the bidirectional reflection function pl(9^ Os) and
the bidirectional transmission function r"(00, 0,). For a given
incident angle 00, integration of p"(00, Os) over all scattered
angles Os yields the directional hemispherical reflection pl(00)
and the integration of r^(00, 0,) over all transmitted angles 0,
yields the directional hemispherical transmission r((00). For
materials with nonzero absorption index, the transmission is
zero for infinite medium. From conservation of energy and
Kirchhoff 's law, the sum of the reflectivity and the emissivity
equals unity. Thus, the directional emissivity is related to the
directional hemispherical reflection as

1, (1)

Based on the extinction theorem, the rigorous electromag-
netic scattering theory gives the bidirectional reflection func-
tions, for TM and TE polarizations, respectively, as

1
PATM(#O? ft) — o8 Lx COS 0S COS 00

ATE(^), ft) =
COS 0S COS C

where

rTivi(ft) = I exp{ —/fc0[jt sin Os + £(jc)cos 0S]}

x {ik0[£'(x)sm Os — cos 05]/f(#) - L(x)} dx

— /A^ \x sin 0 ~l~ ^ix )cos 0 11

x {ika[£'(x)sin 0S — cos Os]E(x) — F(x)} dx

where

|rTM(05)|2 (2a)

(2b)

- |
J -

H(x) = H>(x, z)\z=lM = H<(x, z)\z,

L(x) = - fW^ + i

(3a)

(3b)

(4a)

(4b)
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Fig. 2 Directional emissivities from symmetric triangular surfaces, with n = 2.0 and K = 4.0, and different oYA and r/A.

(4c)

F(X) = -r
(4d)

All symbols are defined in the Nomenclature and surface
geometrical parameters are shown in Fig. 1.

The magnetic and electric fields H(x) and E(x) and their
derivatives L(x) and F(x) along the surface, defined in Eqs.
(4), are determined by Eqs. (5) and (6), as

x G0[x,z = z(x),x',z']\z.=ax.)

- G0[x, z = ((x), x', z']L(x')\2.,i(x.\ dx' (5a)

- eGe[x, z = ((x), x', z']L(x')\z.^ Ax' (5b)

x G0[*,z -

(6a)

-£ r
x Ge[x, z = £(*),*', z']Ua;0

- G.[*, 2 = fo), x', z']F(x')\z.,((x, dx' (6b)

where Ge(^:, z, *', z') and GO(A:, z, jc', z') are the Green's
functions in the medium and the vacuum.

Numerical discretization of Eqs. (5) and (6), over the sur-
face length Lx, leads to a set of numerical simultaneous linear
equations.10 This set of numerical simultaneous linear equa-
tions is then solved to obtain the final solutions of H(x), E(x),
L(x), and F(x) on the surface, which, in turn, provide the
bidirectional reflection functions. The directional emissivity
is then obtained from Eq. (1). In the calculations carried out
in this study, Lx is chosen as long as computationally possible,
ranging from 20A to 180A, depending on the value of r/A, to
minimize the edge effects from the plane incident wave. The
number of mesh points along the surface length ranges from
400, for small values of CT/T, to 2500, for large values of cr/r.
One hundred surface realizations are performed and averaged
to obtain all the random rough surface results presented. En-
ergy conservation is examined for nonabsorbing dielectric ma-
terial properties (i.e., K = 0.0). In the calculations for con-
figured surfaces, the energy conservation is maintained within
1% for surfaces with small slopes of crlr. For surfaces with
large slopes of cr/r, conservation to within 1% is maintained
for incident angles near normal and reduces to 4% for angles
larger than 40 deg from the normal. The energy conservation
for one surface realization in the random rough surface cal-
culation is between 2-4%, and is reduced to within 1% when
averaged over 100 realizations. The calculations are per-
formed on either Cray Y-MP C90 or Convex C3880 super-
computers.

Results
Surfaces with a Single-Length Scale

Surface geometrical parameters shown in Fig. 1, including
the transverse length divided by wavelength r/A, the height
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Fig. 4 Directional emissivities from symmetric triangular surfaces of different materials, with a constant ratio of orlr = 0.25.

divided by wavelength cr/A, and specific surface geometri-
cal shape affect the directional emissivity, both in magnitude
and directional distribution. Consequently, the hemispherical
emissivity, which is the integration of the directional emissiv-
ity, is also affected. These surface parameters determine the
angular distribution of the scattered energy.5 To generalize
the geometry effects on emissivity, a particular triangular ge-
ometry for a semiconductor material (Si) with optical con-
stants of n = 2.0 and K = 4.0 is considered. The ratio of
transverse length over wavelength r/A ranges from 1.0 to 10.0,
and the ratio of height over wavelength cr/A ranges from 0.25
to 7.5. The surfaces are divided into three groups with con-
stant slopes of CT/T, from 0.25, 0.5, to 0.75. The emissivities
are presented in Fig. 2. The results in Fig. 2 are grouped by
constant slope cr/r, and the directional emissivities show some
variation in magnitude and shape, yet the directional emis-

sivity and the hemispherical emissivity are dominated by this
slope. Both the directional emissivity and the hemispheri-
cal emissivity are not as strongly dependent on the ratio of
transverse length over wavelength r/A, or the ratio of height
over wavelength cr/A alone, as they are dependent on the
slope air. Thus, this slope is the dominant factor in deter-
mining the hemispherical emissivity, while different values of
cr/A and r/A yield slightly different directional emissivities.
Comparisons between the three groups, each with the
same slope, reveal that when the slope is increased, the mag-
nitude in the directional emissivity is increased for small
angles around the normal angle and the magnitude of the
hemispherical emissivity is also increased. Additional
cases with much smaller ratios of cr/r (as low as 0.05) were
also investigated (not shown) and they follow these same
trends.
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The investigation of the importance of the surface slope is
further examined for different geometrical shapes and differ-
ent materials. A constant slope of a/r (cr/r = 0.25, cr/A =
1.25, r/A = 5.0) is chosen and different geometrical shapes
are considered. The emissivities are presented in Fig. 3 for
the same semiconductor material with n = 2.0 and K = 4.0.
Six different geometries are considered: a symmetric triangle,
a truncated symmetric triangle, an asymmetric triangle, a
truncated asymmetric triangle, a sine function surface, and a
random rough surface. The methodology for the derivation
of analytical expressions for the configured surfaces is given
in the Appendix. The generation of the random rough surfaces
is also described in the Appendix. For these six geometrical
shapes, it is once again observed that the hemispherical emis-

sivities are relatively similar. The extreme change in magni-
tude is less than 20% when compared with the random rough
surface, which has the lowest magnitude among all these six
geometries. The hemispherical emissivities for the configured
surfaces show a difference of less than 5%. It is noteworthy
that the directional emissivity curve for a smooth surface, with
n = 2.0 and K = 4.0, is relatively flat with ex = 0.2987. The
result is not shown in the figures for the reason of clarity.

In Fig. 3, however, large variations in the magnitudes of
directional emissivities are observed for asymmetrically con-
figured surfaces, the asymmetric triangle and the truncated
asymmetric triangle. The directional variation can be a factor
of 2 in magnitude. This shows that, to obtain directional se-
lective emissivities, an asymmetric geometry should be cho-
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sen.27 The magnitude of directional emissivity and hemi-
spherical emissivity from random rough surface is less than
those from configured surfaces and the directional emissivity
from random rough surface is less directionally dependent.

The material used in all the results presented in Figs. 2 and
3 is the same semiconductor material with optical constants
of n = 2.0 and K = 4.0. The effects of geometrical parameters
are also examined for a nonabsorbing dielectric material, with
optical constants of n — 1.5 and K = 0.0, and a metal material
with n = 1.5 and K — 10.0. The surfaces are the symmetric
triangles with a constant ratio of cr/r = 0.25, and various
values of cr/A and r/A. The emissivities are presented in Fig.
4. The magnitudes of the directional and hemispherical emis-
sivity are significantly affected by the material properties. For
a specific material, however, the surface slope CT/T is the dom-
inant factor affecting the hemispherical emissivity and the
directional emissivity. This generalizes the observation that,
for a given material, the surface slope air is the dominant
factor in determining the hemispherical emissivity and an im-
portant factor in quantifying the directional emissivities from
surfaces with symmetric or random surface structures. For
surfaces with asymmetric geometries shown in Fig. 3, the
geometrical shape plays an important role in obtaining direc-
tional emissivities.

Surfaces with Multiple Length Scales
The contribution of multiple length scales of a surface to

the surface emission and reflection is investigated for a semi-
conductor material with optical constants of n = 2.0 and
K = 4.0. The surface profiles are either symmetric triangular
surfaces or random rough surfaces. A surface profile with
cr'/A and r'/A is linearly superimposed on another surface
profile with cr/A and r/A. The ratio of a'IT' is of the order of
cr/r or larger. The surface profile parameters for triangular
surfaces and random rough surfaces are defined in Fig. 1. The
directional and hemispherical emissivities from these multi-
ple-length scale surfaces are presented in Fig. 5, together with
single-length scale surfaces that are the substructures of the
multiple-length scale surfaces. In Fig. 5a, a triangle surface
with CT/T = 0.15 (a/A = 0.75, r/A = 5.0) serves as a "base"
triangle. Triangles with a'IT' = 0.15 (cr'/A = 0.15, r'/A -
1.0), cr'/r' = 0.25 (cr'/A = 0.25, r'/A - 1.0), a'/r' = 0.5
(cr'/A - 0.5, r'/A - 1.0), and cr'/r' = 0.75 (<j'/A - 0.75,
r'/A = 1.0) are linearly superimposed onto this "base" tri-
angle. Comparing the multiple-length scale surface results to
the single-length surface results for both directional and hem-
ispherical emissivities, the dominance of the largest slope is
shown. For the triangular surfaces in Fig. 5a, the profile with
cr'/r' larger than cr/r dominates the radiative properties, even
cr'/A < cr/A and r'/A < r/A. As the substructure geometries
become similar, the contributions to the emissivities from the
substructures are relatively equal since cr/r ~ cr'/r' (cr/r =
0.15, o-'/r' - 0.15 and cr/r - 0.15, cr'/r' - 0.25). Since the
slope of the multiple-length scale surface is larger than the
slopes of the two individual substructures, the hemispherical
emissivity from the multiple-length scale surface is increased
when compared with the ones from the two individual sub-
structures, especially the "base" substructure. Thus, when the
surface is composed of two substructures with different slopes,
the substructure with the larger slope prescribes the direc-
tional and hemispherical emissivity, even though the substruc-
ture with smaller slope has larger length scales (cr/A and r/A).
Random rough semiconductor surfaces results are presented
in Fig. 5b, where 100 surface realizations are used in all the
cases. As for the triangular surfaces in Fig. 5a, a random
rough surface with cr'/A and r'/A is linearly superimposed onto
another random rough surface with cr/A and r/A, where cr'/A
< cr/A and r'/A < r/A. Once again, the dominance of the
substructure with a larger slope on the directional emissivity
and the hemispherical emissivity is observed for the multiple-
length scale random rough surfaces.

Conclusions
Using the rigorous electromagnetic theory, the geometrical

contributions of one-dimensional material surfaces to the di-
rectional emissivity and hemispherical directional reflectivity
are investigated. For surfaces with a single-length scale, among
all the geometrical parameters that affect the directional
emissivity and the hemispherical emissivity, the dominant pa-
rameter is the slope of the surface, expressed as the ratio of
cr/r. Both the directional emissivity and the hemispherical
emissivity are dominated by the slope of the surface. For a
given surface slope, hemispherical emissivities from different
surface geometries are similar, with slight variations in direc-
tional emissivities for random and symmetrically configured
surfaces. Directional emissivities show significant variation in
magnitude at different angles for surfaces with asymmetric
geometrical shapes. The magnitude of emissivity is found to
be dependent on the slope of the surface as well as the optical
properties of the surface material. Directional emissivities
from random rough surfaces are more uniform than those
from configured surfaces of the same surface slope.

Emission from surfaces with multiple-length scales is also
investigated. When a surface is composed of two substructures
with different length scales, the substructure with larger slope
prescribes the radiative properties of the surface. This dom-
inance is diminished when the slopes of the substructures are
similar and the contributions from the individual substructures
become similar. These trends are valid for both random rough
and configured multiple-length scale surfaces.

Appendix: Generation of Surface Profiles
Generation of Configured Surface Profiles

Implicit real functions are used to describe the geometry
of rigid solids.11 Based on the algebra of logic and measure
theory, equations are obtained to analytically describe geo-
metrical objects or regions. This concept is applied here to
obtain the analytical expressions of surface profiles.

The primitives in the geometrical descriptions are typically
half-spaces defined by inequalities /(*, z) > 0 o r f ( x , z) < 0,
where /(x, z) are real- valued functions of real variables. Geo-
metrical objects, or regions, are defined through Boolean
operations on these primitives. The two basic operations used
here are the logic "and" (n) and logic "or" (U), which are
defined as

/, fl/2 = mm(fl9f2) = i(/i + /2 - l/i - /2|) ^ 0 (Al)

/, U/2 = max(flJ2) = K/i + /2 + I/! ~ /2|) * 0 (A2)

if/i(*, z) > 0,/2(jc, z) > 0, and

/, n /2 = maxtt, /2) - i(/i + /2 + l/i - /2|) ^ 0 (A3)

A U /2 = mintt, /2) = i(/i + /2 - l/i - /2|) ^ 0 (A4)

When the geometrical objects, or regions, have more than
two primitives, the Boolean operations have to be performed
repeatedly to include all the primitives. The equation describ-
ing the surface profile is then obtained by taking the equal
sign for the final function obtained through the Boolean op-
eration.

As an example, from the three inequality primitives as

/! = z - (cr/rO* < 0, 0 < x < TJ (A5a)

/2 = z - cr < 0, TJ < x < r2 (A5b)

/3 = z - [cr(r - JC)/(T - T2)] < 0, r2 < x < r (A5c)
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the analytical expression for the truncated asymmetric triangle
surface profile is

1 T - x IT- x
9 T,

0 < X < T

where

1-i

(A6)

, T, = 0.08T, T2 = 0.28T

(A7)

Generation of Random Rough Surface Profiles
This section outlines the generation of random surface pro-

files. These surfaces are described by a Gaussian distributed
stochastic height function, z = ((x), with the following sta-
tistical properties:

= 0 (A8)

(A9)

where a2 is the mean-square departure of the surface height
from its zero mean, and r is the transverse correlation length,
which is a measure of the mean distance between consecutive
peaks and valleys on the surface.

A random number X{ is generated through the inversion
of the integral

1 fXi I JC2\-= exp -- )dx = RXiV27rJ-°° \ 2/
(A10)

where RXi is a random number uniformly chosen from the
interval [0, 1]. Random numbers Xt possess a Gaussian dis-
tribution without satisfying the property defined in Eq. (A9).
Therefore, they do not have the correct rms deviation a. A
digital filter is applied to provide the correct deviation through

j=-M
(AH)

where Wj are the digital filter weights, M is a large integer,
and £(gk) is the surface height at x = £k. The detailed for-
mulation for Wj is found in Ref. 10.
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